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2 Continuous Time Summary/Review

We need a statistical model that can apply to stock prices, returns, etc. The point of these notes
is to quickly present the standard diffusion model that we use in asset pricing.

We use continuous time when it’s simpler. In point of fact all our data are discretely sampled.
Whether time is “really” continuous or discrete is an issue we’ll leave to physicists and philosophers.
Most of the approximations that took a lot of effort in Chapter 1 of Asset pricing work much more
easily in continuous time.

2.1 Preview/summary:

2.1.1 Continuous time

1. Brownian motion
Zt4+ A\ — Rt ™ N(O, A)

2. Differential
dzy = ii{lo (Zt4n — 2t)

3. dz and dt
dz2 = dt
Et(dzt) =0
vary(dz) = By(dz?) = dz?2 = dt

4. Diffusions

5. Examples

d,
P _ pdt + odz

bt
dry = —p(xy — p)dt + odz

! Please report typos to john.cochrane@chicagobooth.edu. Make sure you have the latest version of the document.
If you can report the context of the typo and not just the page number that will help me to find it more quickly.



6. Ito’s lemma
dry = pdt + odz; yr = f(t, ) =

_of of 1Pf o
dyt = Edt -+ %dwt + §@d$t

_|of  Of 10%f of
We= g T ot T ap2? | U |5:0| %

7. Stochastic calculus: “do second-order expansions, keep the dz and dt terms.”

2.1.2 Solving stochastic differential equations

1. Stochastic integral “add up the changes”

T T
zT—z():/ dzt<—>zT—20:§ €t
=0 t=1

the result is just a way of saying zry is a normally distributed random variable

T
dzy = zr — 29 ~ N(0,7T)
t=0

2. Example 1: diffusion
dxy = pdt + odz

T T T
/ dmt:u/ dt—{—a/ dz;
t=0 t=0 t=0

xp —xog = pT + o (20 — 20)

3. Example 2: lognormal diffusion

d
e _ pdt + odz;
Tt

1
dlnz; = <u - 202> dt + odz

1 T
Inzy —Inzg = <,u202>T+0/ dzy
0

T = :L'ge(“_%"Q)T“’ Jo dzs

4. Example 3: AR(1)
dry = —p(xy — p)dt + odz

T

ar—p=e T (g —p) + a/ e T dzp_,
t=0



5. Continuous-time MA processes

T
T = / w(T — t)dz
t=0

6. With solutions, you can find moments. Examples
(a) Lognormal diffusion
oy = moeP=307)T+0 Jo dzs

02)T+%02T

N

E(xr) = xoe(“_ = zoetT

(b) AR(1)

t
(2 —p) = e P (zg — p) + / e =)oz,
s=0

Eo(xe — p) = e (x0 — p)

t _ 29t
1
o?(xp — p) = / e 25525 = 726 o?
s=0 d)

(c) Continuous-time MA.

¢
Xy :/ w(t — s)dzs,
s=0

oo = o ([ wt=9)te) = [ wle-s)B. (=) =0

=0 =0
Fo(a2) = By (/St_ow(t—s)dzs> —/St_ow(t—s)st.

2.1.3 Finding Moments and Densities

2

1. Backward equation. What is
[z, t) = Ey[¢(zr)]?

We can work backwards using Ito’s lemma to find

of(zt) N Of(zt)

lazf(:cj) 9
ot ox ) 2 922

o*(xzt) =0

Then solve this partial differential equation with boundary condition
f(2,T) = o(x).

2. Densities and the Forward Equation.



(a) Define f(x,t|xo) = the probability density of z; given z¢ at time 0. It’s a delta function
at t =0, x = xg. Looking forward it solves

Of (x,t|xo) N 0 [u(zx) f(z,t|zo)) _ 162 [02(:B)f(x,t|:co)}
ot Oz 2 0x?

(b) This fact gives a nice formula for the stationary (unconditional) density. The formula is:

T _ o K(s)
ef 262(S)ds

*(z)

flz) =k

where k is a constant, so we integrate to one. Evaluating k,

-1

T o pu(s)
ef 2 2205) ds

s =/ 26 % @

2.1.4 Asset pricing in continuous time

1. Present value formula

o ! o0 A
pt= Et/ e";swmsds = Et/ s sds
s=0 u (Ct) s=0 At

2. What’s a “return”?

d
dRy = 2t 4+ gy
bt Pt
3. What’s a “cumulative value process”
avy
— =dR
v t
4. What’s a “riskfree rate?”
ric dt
5. What’s an “excess return?”
d
dRy —ridt = P + Zap — rfat
bt Pt

6. What’s the equivalent of 1 = E(mR)?

B [dS\Atpt)} ~ =0
tDt Pt

or Et [d (At‘/;g)] =0




10.

11.

2.2

What’s the equivalent of R = 1/E(m)?

T'fdt = —Et |:dAt:|

A

. What’s the equivalent of E(R®) = —R/cov(m, R¢)?

A
Et (th) — ’I“fdt = —Et |:dAtht:|
t

. What’s the equivalent of m;11 ~1—6§ — vAc1?

dAt dct 1 dCt2
— = —dt —y— + = 1) —
A T +3570r+ )Ct
dA\;

1
—— — —§dt — yd [log ¢;] + =~2d [log ;]2
A 2

What’s the equivalent of Rf ~ § +vE(Ac)?

1
rl =6+ e — 5%

where dlogc; = pdt + ocdz
What’s the equivalent of E(R€) ~ ~ycov(R®, Ac)?

Et (th) - T‘fdt == ’yEt |:dCCtht:| = 7YCOU¢ |:CiCt, th:|
t t

A quick discrete time review

I’ll explain continuous time by analogy with discrete time. This is a quick review of the essential

concepts can’t hurt.

1.

A sequence of i.i.d. random variables (like a coin flip) forms the basic building block of time
series.
Et 1.4.d.

i.i.d. means “independent and identically distributed.” In particular, it implies that the
conditional mean and variance are constant through time. Our building block series has a
Zero mean,

Ei(et41) =0
= 0 =

ot(et+1) const.

The concept of conditional mean and variance is really important here! FE; means “expec-
tation conditional on all information at time t.” We sometimes specify that ¢; are normally
distributed, but they don’t have to be.



2. We build more interesting time series models from this building block. The AR(1) is the
first canonical example
Ti41 = PTt + Et41-

The sequence of conditional means follows

Eyxii1 = By (pry + €141) = pmy
Eixii9 = Ey (pxi41 + €142) = p2$t
Eixyy = pkxt.
The AR(1) displays some persistence since after a shock it is expected to stay up for a while,

and then decay gradually back again. A good exercise at this point is to work out the sequence
of conditional variances of the AR(1). The answer is

o (t141) = 02
o7 (z142) = (1 + p*)o?
ot (@ek) = (L4 p° + .. + p*FD)o?

3. We can also write the AR(1) as
Tip1 = pxy + ocr1; 02 =1

The earlier notation is more common in discrete time; the latter notation is more common
as we move to continuous time. In either case, note Eiery1 = 0 so it’s uncorrelated with xy.
Thus you can estimate an AR(1) by an OLS forecasting regression.

4. The canonical example 2 is the MA(1).
Tpy1 = €41 + Oey.

Its sequence of conditional means follows

It displays some persistence too but only for one period. Problem: work out its conditional
variances.

5. You can transform from AR to MA representations. You can think of this operation as
“solving” the AR(1)
Ty = PTi—1 + €t
= p(pri—o+e1-1) + & = p2xi_o + per—1 + &

Tt = P3$Ct—3 + p2€t—2 + pet—1 t+ &t
t—1
xr = plag + Z Pet—j

=0



2.3

“Solving” the difference equation means, really, expressing z; as a random variable, given
time O information. Now we know x; has

Eo(2) = pao;
ag(@) = (1+p* + ..+ p"F V)02,

If the € are normal, so is xy.

. Continuing, we can write the AR(1) as

[e.9]

Tt = ij&fj

J=0

Thus, an AR(1) is the same as an MA(0c0). You can similarly write an MA(1) as an AR(00).
Choose which representation is easiest for what you’re doing. An example: Let’s find the
unconditional mean and variance of the AR(1). One way to do this is with the MA(co)
representation

E(z) =) p'E(e;) =0.
j=0

o0 o0 2
_ i — 2j 2 _ _Te
var (xy) = var Zp]Et_j —Zp of = T
7=0 7=0
Notice: the € are all uncorrelated with each other. That’s how we got rid of the covariance term
and all 02 are the same. We can also find the same quantities from the AR(1) representation

E(xt) = pE(z4—1) +0 — E(z) =0

2
€

1—p
To come to the latter conclusions, you have to understand that E(x;) = E(xz—1) and var(z;) =
var(xi—1).

g

var(:rt) — p%ar(xtq) + O‘E2 — U&T(l‘t) — 5-

. All of the familiar tricks for linear ARMA models, including lag operator notation, have con-

tinuous time counterparts. It takes a little work to make the translation. If you’re interested,
see my “Continuous-time linear models” Foundations and Trends in Finance 6 (2011), 165~
219 DOTI: 10.1561/0500000037. It’s on my webpage,

http://faculty.chicagobooth.edu/john.cochrane/research/papers/continuous_time linear models FT.pdf

Continuous time series

. Preview. In discrete time, our building block is the i.i.d. (normal) shock &, with variance

0%(g¢) = 1. We build up more complex time series from this building block with difference
equation models such as the AR(1),

Ti41l = Pt + O€141



We “solve” such difference equations to represent x; as a function of its past shocks,

t—1

T = ijO'Et_j + pt:zo.

§=0
Our task is to do the exact same sort of thing in continuous time.

2. Random walk-Brownian motion z;.

(a) In discrete time, a random walk z; is defined as the sum of independent shocks,

t
2t — R0 = E Ej.
J=1

Obviously, we recover &; as differences of z;.
Azt = (Zt - Zt—l) = &¢.
It will turn out to be easier to think first about z; in continuous time and then take

differences than to think directly about &;

(b) Now, let’s examine the properties of z;. The variance of z grows linearly with horizon.

242 — 2t = Et41 T Et42
F (Zt+2 — Zt) =0

var(zipe — 2t) = 2

Zitk — 2t = Et41 T Et+2 + ..+ Erpk
E(2t4k —2) =0
var(zepr — 2t) = k

(remember, I set 0. = 1.)

(¢) To think about continuous time, just generalize this idea for any time interval. Let’s
define the process z as one with normal increments,

Rt+A — Rt ™ N(O, A)

for any A, not just integers. This is a Brownian motion, the continuous-time version of
a random walk.

(d) Li.d. property In discrete time E(eie141) = 0, i.e. E(zi42— 2t41, 2t+1 —2t) = 0. The nat-
ural generalization is E(2i4A — 2, Zt4 A4y — 2t+a) = 0, or more generally Nonoverlapping
differences of {z} are uncorrelated with each other.

3. The differential dz



(a)

Now let’s take the “derivative” as we took the difference ¢; = z; — z:—1. Define
dzy = 1i —
o= Jm (2t+a — 2t)
dz; < ¢ fundamental building block

d is a tiny forward-difference operator.
dz is of sizevdt. What does this mean? Note

JZ(ZH_A — Zt) = A;

U(ZH_A — Zt) = \/E

Thus, dz; is of order (typical size) v/dt! This means that sample paths of z; are contin-
uous but not differentiable. dz makes sense, but dz/dt does not. dz is of orderv/dt so
dz/dt — +/ — oo, moving “infinitely fast” (up and down). The z; process is fractal; it’s
jumpy at any time scale; it has an infinite path length.

dz, dz, and dz(t) are equivalent notations.

Moments:

Et(dzt) = 0, <~ Et(zt+A — Zt) =0
vary(dzy) = dt; <= var(zgea — 2t) = A,
cov(dzy,dzs) =0 s £t <= cov(zi4n — 2ty 2s+A — 25) =0

Watch out for notation. E;(dz;) # dz! d is a forward difference operator, so E; (dz)
means expected value of how much dz will change in the next instant. It really means
E; (zi4A — 2t), which is obviously not the same thing as z;4a — 2

dz? = dt. Variance and second moment are the same.
vary(dz) = Fy(dz?) = d2? = dt.

Second moments are nonstochastic! It’s not just dz? is of order dt, but in fact dz? =
dt. We often write E(dz?) to remind ourselves that for any discrete interval these are
second moments of random variables. But in the limit, in fact, second moments are
nonstochastic. Similarly if we have two Brownians dz and dw, they can be correlated
and the cross product is

covy(dzy, dwy) = Ey(dzidwy) = dzidwy.

(Optional note.) The fact that squares of random variables are deterministic is hard to
swallow. If dz; is a normal with standard deviation v/dt, why is dz? a number, not a
x? distributed random variables? To see why, compare dz; and dz?. 2z a — 2 is N(0, A),
(ze4n — 2t) /A ~ N(0,1) so the probability that, say, ||z;1a — 2] > 2VA is 5%. The
“typical size” of a movement z;; A — 2; goes to zero at rate VA

On the other hand, (zi4n — 20)2/A ~ x2. (X3 or “chi-squared with one degree of
freedom” just means “the distribution of the square of a standard normal.”) The fact
that the distribution (z;1a — 2¢)?/A stays the same as A gets small means that the



probability that, say, (zi4n — 2)? > 2A is fixed as A gets small. Thus (z;1a — 2¢)?

goes to zero at rate A. The “typical size” of a movement (z;; A — 2;)? or the probability
that it exceeds any value goes to zero at rate A. Things whose movements go to zero at
rate A are differentiable, and hence nonstochastic. (24 — 2)? is of order A and hence
nonstochastic.

4. Diffusion processes. We have the building block, the analog to ;. Now, we build more
complex process like AR(1), ARMA, etc. in the same way as we do in discrete time.

(a) Random walk with drift.

discrete: xry1 = p+ xt + 0441

Ti4l — T = U+ 0€y
continuous: dzr; = udt + odz

i. Moments of the random walk with drift, which gives you some practice in dz and
dt. The mean is
Et(dﬂft) = Hdt + O'Et (dZt) = Mdt

For the variance, notice
da? = (duy)? = p2dt® + 0%d2? + 2udtdz = o2dt

The first parenthesis clears up notation. In calculus, you learned to keep terms of
order dt, and ignore terms of order dt? and so on, because they get arbitrarily small
as the time interval shrinks. The new rule is, we keep terms of order dz = Vdt and
dt, but we ignore terms of order dt®/2, dt2, etc. just as in regular calculus. So terms
like dt? and dtdz drop out. Only the o?dt term remains. So, the variance is

var(dz;) = Ey(da?) = da? = odt

ii. The mean drops out of the variance. Loosely, diffusions vary so much that variances
overwhelm means and it doesn’t matter if you take the mean out when you take
variance or not. You might have objected, and wanted to define

vary(dz,) = Ey {[da:t — E; (dmt)]z}
But watch:
E, {[dazt — E, (dxt)]Q} =F; {[dazt - udt]2} =F {[adzt]2} = 0’E, (dth) = o2dt

We get the same result whether we take the mean out or not. The dz; term is of
order v/ dt, so almost always infinitely bigger than the dt term.

(b) Geometric Brownian motion with drift. This is the standard asset price process, so

worth careful attention.

dpy .

— = udt + odz

bt
dp; is the change in price, so dp;/p; is the instantaneous percent (not annualized) change
in price or instantaneous rate of return if there are no dividends. We’ll see how to add

dividends in a moment.

10



i. The moments are
d
E <P> _ pdt
Dt

vary <dpt> = o2dt
bt

so i and o can represent the mean and standard deviation of the arithmetic percent
rate of return. Since they multiply dt, they have annual units. pu = 0.05 and
0% = 0.10? are numbers to use for a 5% mean return and 10% standard deviation of
return.

ii. Don’t forget the dt at the end of these expressions

E; <dm) = [, vary <dm) = g2
bt bt

is tempting but incorrect. It’s ok to write

L (N _ L () Z 2
at '\ py o Dt

but it’s better to write

d d
FE; <pt> = pdt, var; <pt> = o2dt
Dt bt

iii. Sticklers like to write this process
dpy = ppdt + oprdzy
S0 it is in the canonical form
dpy = p(pe,t,..)dt + o(pe, t, ..)dz.

iv. You can also see here the reason we call it a “stochastic differential equation.”
Without the dz; term, we would “solve” this equation to say

pt = poe’’ "
i.e. value grows exponentially. We will come back and similarly “solve” the stochastic

differential equation with the dz; term.

(c) AR(1), Ornstein Uhlenbeck process

discrete: 41 = (1 — p)p + pxy + 0ep41
Ty —xe = —(1 = p)(zt — p) + 041
By (w41 — ) = —(1 = p)(ar — p)

vary (T4 — 1) = o2

11



continuous: dry = —¢(xy — p)dt + odz
Etdl‘t = —¢($t — ,U,)dt
varydz, = o2dt
The part in front of dt is called the “drift” and the part in front of dz; is called the
“diffusion” coefficient.

(d) In general, we build complex time series processes from the stochastic differential equa-
tion
dry = p(xe, t,..)dt + o(xg, t,...)dz.

w1 and o may be nonlinear functions (ARMA in time series are just linear). Note we
often suppress state and time dependence and just write u, o or u(-),o(-) or p; and oy.

E; (dxy) = p(xy, t,..)dt
vary(dzy) = 0'2($t, t,..)dt
(e) Simulation/approximation. We often use continuous time to derive approximations for

discrete time. We also will often want to simulate forward continuous time processes on
a computer. The “Euler approximation” is a natural way to do this. From

dry = p(xy, t)dt + o(xy, t)dzy

write

iy A — o = p(xe, t)A + o (4, t)\/ZEHA
where A is a short time interval and e.4n ~ N(0,1). For example, you could use
A = 1/365 to simulate daily data.

5. Ito’s lemma. Given a diffusion process for x;, we can construct a new process y; = f(x).
How can we find a diffusion representation for g; given the diffusion representation of ;7.
For example, what does the log price process log(p;) look like?

(a) Nonstochastic answer: Given

dzy _
dt
we use the chain rule. o7 o7
dy = ——dx; = dt
bt Ox e 833'u

But that assumes dx/dt is meaningful, i.e. dz; = pudt. What if dxy = pdt + odz?

(b) So our question:

dxy = pdt + odz

yr = f(x1)
dyt =7

Answer:

12



e Do a second order Taylor expansion. Keep terms of order dt and dz; = v/ dt, ignore
higher order terms. Don’t forget dz? = dt.

The answer is called Ito’s lemma:

af 10%f
dy; = = dvy + 5 o5 dw 2
af 32]” of

Intuition: Jensen’s inequality says, E [y(:c)} < y[E(z)] if y(z) is concave. E[u(c)] <
u[F(c)] for example. The second derivative term takes care of this fact. You will see
this in the “convexity” terms of option and bond pricing.

An example. Geometric growth

d
P _ ppdt + odz
bt

Yyt = Inpy

1 11 1
dy; = —dp; — — —dp? = — —0%|dt +od
Yt D Dt 2p2 Dt </’LP 20) +oaz

Conversely,
dy; = pydt + odz
pr = e¥t
1 2
dpt = eV dy; + 56‘1“ dy;

dp

L,
o <,uy + 20 > +odz

Another example. We will often multiply two diffusions together. What is the product
diffusion? Use the chain rule but go out to second derivatives.

_ O(xy) d(zy) 1 & (zy)
d(l’tyt) = ox dr: + ay dy: + 2 X 2 X axay

= yidxy + 21 dy + dxedy,

dzedy;

The second partials with respect to x and y 8%(zy)/0x? are zero. Notice the extra term
dxdy; relative to the usual chain rule.

Ito’s lemma more generally. If

y:f(xtat)
then
of 4, Of , 182f 9
e = Grdt T 500 T 5 5200
or  or, 1% of
dyy = | 57+ 5on+ 5550° [ di+ | 500

The version with partial derivatives starting from vy = f(x14,xa,t) is obvious enough
and long enough that I won’t even write it down.

13



24

1.

Solving stochastic differential equations.

The problem: We want to do the analogue of “solving” difference equations. For example,
when we write an AR(1),
Ty = PTe—1 + €t

we solve backward to 1

z = plzo + Zﬂ’ft*j-

Jj=0

How do we do this in continuous time?

. Another motivation. If you have a differential equation

dxy = pdt

you know how to solve this. Integrate both sides from 0 to T',

T
Z'szo—i-,u/ dt =z + pl.
5=0

So, how do you solve a stochastic differential equation,

dxy = pdt + odz?

. A natural idea: Why don’t we just integrate both sides,

T T T
/ dmt:u/ dt+a/ dz;.
t=0 =0 t=0

What meaning can we give to the integrals? Why not just “add up all the little changes.”’

T
/ dzy = (ZA — Z()) + (ZQA — ZA) + (Z3A — ZQA) + ...+ (ZT — ZT—A) = 27 — 29-
0

Then our solution reads
xp —x0=pl + 0 (2r — 20) .

Now, we defined (27 — 2p) to mean “a normally distributed random variable with mean 0 and
variance T.” So this solution means, “xr — x¢ is a normally distributed random variable with
mean p1" and variance o2T.” Similarly, if dz; are the little changes, you get z back if you add
them up.

. In sum, the building block of solutions is the opposite of our dz; differencing operator, and

completes the analogy we started when defining z7 in the first place

T T
zT—z():/ dzt<—>zT—z0:E gt
t

=0 t=1

14



ftz{) dz; is called a Stochastic integral. This is a fundamentally different definition of “integral”
which gives mathematicians a lot to play with. For us, it just means “add up all the little
changes.” Recall that z; is not differentiable. That’s why we do not write the usual integral
notation

T
Yes: zp — 29 = / dz
0

T rdz(t)
No: zT—zoz/ < >dt
0 dt

We do not define the integral as the “area under the curve” as you do in regular calculus.
What we mean by “ fOT dz;” in the end is just a normally distributed random variable with
mean zero and variance t.

T
/ dzy = zp — 29 ~ N(0,7T)
0

. Now, to more complex stochastic differential equations. In discrete time, we “solve” the
difference equation:

= (1—p)u+ pri1 + &
Tt — p=p(Te-1 — p1) + &

T-1
wr —p=p" (zo—p)+ ZP]5T—j-
=0

This means we know the conditional distribution of the random variable z7, and really that’s
what it means to have “solved” the stochastic difference equation.

T-1
vrlzo ~ N |p+p" (o —p), 02> p¥
=0

Let’s do the same thing in continuous time.

. I’ll just do some examples. I won’t use anything fancier than the basic idea: plop ffio on
both sides of an expression and interpret the results.

(a) Random walk. If we start with dz; and integrate both sides,

T
2 — 29 = / dz;
=0

zr — 20 ~ N(0,T)

15



(b) Random walk with drift

dxy = pdt + odz

T T T
/ dxy :/ Mdt—{—/ odz;
t=0 t=0 t=0

T

wT—wozuT+0/ dz
t=0

a7 —xg=pT +¢e; € ~ N(0,To?)
zr — x9 ~ N(uT,To?)
As in discrete time,
T
xT:xo—i—uT—i—ZEt
t=1
(¢) Lognormal price process.

i = pdt + odz

bt
By Ito’s lemma

1
dlnp; = <,u — 202> dt 4+ odz

now integrate both sides,

T T 1 T
/ dlnpt:/ (M—az) dt—i—/ odzy
0 =0 2 =0
T
a2> T+ 0/ dz
t=0

(;Lf%ch)TqLo fzj;o dzt

N | =

Inpr —Inpy = (M -

b = Po€

i.e,
pr = poeln—307)T+oVTe e~ N(0,1)

pr is lognormally distributed. (Lognormal means log of pr is normally distributed.)

o A geometric diffusion, where the arithmetic return is instantaneously normal, means
that the finite-period return is lognormally distributed.
(d) AR(1)
dry = —p(xy — p)dt + odz

The solution is,
T

ar—p=e" T (xg— p) + O'/ e P dzp_,
s=0

this looks just like the discrete time case

T-1
xr —p=p" (zo— p) + Z Plerj.
=0

16



i. To derive this answer, you have to be a little clever. Find

d <e¢t (x¢ — u)) = ¢e?t (zp — p) dt + e day
= e (xy — p) dt + €' [—(xp — p)dt + odz]

= ae¢’tdzt

Now integrate both sides,

T T
/ d <e¢t (z — ,u)) = / oe?ldz
t=0 t=0

T
T (27 — p) — (20— p) = 0 / ez
t=0

T
(g — p) = e 9T (g — p) + U/ 1) gz,
=0

In the continuous time tradition, we usually express integrals going forward in time,
as this one is. To connect with discrete time, you can also rearrange the integral to

go back in time,
T T
/ e_¢(t_T)dzt = / e_¢5dzT_s.
t=0 s=0

ii. To check this answer, write it as
t
zy—p=e % (zg—p) + a/ e =) dz,
s=0

and take dx;. The first term is just the usual time derivative. Then, we take the
derivative of the stuff inside the integral as time changes, and lastly we account for
the fact that the upper end of the integral changes,

t
dry = —ge ™% (xg — p) dt + [0/

=0

e_‘b(t_s)dzs} dt + odz

(—9) e_¢(t_8)dzs] dt + odz

t

de; = —¢ e % (xg — 1) —l—cr/

s=0
dry = —¢ (2 — p) dt + odz,

(e) This example adds an important tool to our arsenal. Notice we can weight sums of dz;
terms, just as we weight sums of €; terms. We can produce or write results as continuous
time moving average processes

T
T = / w(T — t)dz
t=0

7. Once you have “solved an sde” you have expressed x7 as a random variable. Naturally, you
will want to know moments — means and variances of x7. Here are some examples.
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(a) Example: Diffusion:

T
$T$0=MT+U/ dz
t=0
T
E (zp — x0) :,uT—i—a/ E (dz) = uT
=0
T 2 T T
var (zr — x9) = 0°F </ dzt> = 02/ E(d2}) = 02/ dt = o°T
t=0 t=0 t=0
I used dzidzs = 0 for t # s in the last line.
(b) Example: Lognormal price process
d;
e _ pdt + odz;.
2
The solution is .
bt = pO@('U‘_%Uz)H-U Joro dzs
and then we can find the expected value
Eo(pe) = poe#=29°)1439% o ds — g o(u=g0%)tr30%t _ oot

(In the last line I use the fact that for normal y, E(e¥) = eE(y)+%"2(y).)

(c) Example: AR(1). Start with the solution, then use the fact that E(dz) = 0, E(dz?) =
dt, E(dzdzs) = 0, for t # s.

t
(2 — p) = e P (xo — p) + / et odz,
s=0

Eo(wy — p) = e (xo — p)

t 2
</ e_¢(t_s)adzs>
s=0

t 20t
= / e 20(t=5) 52 g = l-e™ o2
s=0 2¢

oX(zy—p)=E

as in discrete time

Eo (24 — 1) = p’ (z0 — )
t—1 ' 2 t—1 4 1— p2t
7=0 7=0

(d) Example: Continuous-time MA. If you have a solution

t
Ty = / g(t — s)dzs,
0
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o Ey(zy) = Ey </Otg(t - s)dzs) = /Otg(t —5)FEs(dzs) =0

and
2

Ba(e?) = o | tg(t—s)dzs> = [ ste—oas

8. In general, solving SDE’s is not so easy! As with regular differential equation, you can’t just
integrate both sides, because you might have an x on the right side as well that you can’t
easily get rid of. The idea is simple, from

dCCt = ,U,(l‘t, t)dt + O'(l‘t, t)dZt

you can write
T T
TT = o + / w(xy, t)dt +/ o(xy,t)dz
0 0

We end up describing a random variable f(xzp|zg). The hard part is finding closed-form
expressions, when the y and o depend on x. The first term is just a standard differential
equation. (And remember how “easy” that is!)

9. Simulation. You can easily find distributions and moments by simulating the solution to a
stochastic differential equation. Use the random number generator and program

Teya = o+ (@, A + o (w, )V A A erya ~ N(0,1)

10. A last example. The CIR (Cox Ingersoll Ross) square root process. Suppose we generate x;
from z; by

dxy = —¢p(zy — p)dt + o/Tdzy.

The AR(1) process ranges from —oo to oco. As z — 0, volatility goes down, and the drift is
pulling it back, so x; can’t cross zero. That fact, and the fact that it’s more volatile when the
level is higher, makes it a good process for nominal interest rates. It’s a nonlinear process,
not in ARMA class. A strong point for continuous time is that we can handle many of these
nonlinear processes in continuous time, though we really can’t really do much with them in
discrete time. For example, the discrete-time square root process is

Tt = PTi—1 + /TiEt

Now what do you do? There are closed form solutions for the CIR process and many other
nonlinear processes. I won'’t give those here.

2.5 Finding Moments more generally

(The remaining sections will not be used in Asset Pricing or my courses.)

Often you don’t really need the whole solution, you only want moments. If zr is a cash payoff
at time 7', you might want to know its expected value, Fy(z7). You might want the expected value
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of a function of z7, i.e. Fy[¢(xr)]. This happens in option pricing, where ¢ is the call option payoff
function. The most basic asset pricing valuation formula is a moment FEjy [ f e‘ptmtxtdt].

We saw above how to find moments after you have a full solution. but that’s hard. But you
can often find moments without first finding the whole “solution” or distribution of the random
variable, i.e. xp or ¢(z7) itself.

1. But we can also find moments directly because Moments follow nonstochastic differential
equations. You don’t have to solve stochastic differential equations to find the moments.

(a) Example.
dzy = pdt + o(+)dz

Let’s suppose we want to find the mean. Now,
EO(«TH-A) — E()(l‘t) =d [E()(;Ct)} = E()(d{Et) = Mdt

Watch the birdie here. By d[Ep(x¢)] I mean, how does the expectation Ey(z:) move
forward in time. But now the point: Since the dz term is missing, you can find the mean
of x without solving the whole equation.

(b) Example: lognormal pricing

d
@ _ pdt + odz
T

The mean follows
dE() (IEt)
Eo(zy)
dEo(z¢) = pEo(zy)dt

Eo(x) = xoeMt

= pdt

This is the same solution we had before. Look how much easier that was!

(c) Similarly, to find moments Ey¢(z), find the diffusion representation for Ey¢(x) by Ito’s
lemma.

(d) Alas, this technique is limited. If p(z;) then Eg(dz:) = Eo(u(xt))dt. You need to know
the distribution of x; to get anywhere.

2. The “Backward equation.” What is Ey [¢p(z7)]? We know that Er [¢(zr)] = ¢(z7). We can
work backwards using Ito’s lemma to find E; [¢(z7)]. We have a process

de = p(-)dt + o(-)dz

and we want a moment, say

Ey[¢(xr)]-

In particular, Ey(zr) is ¢(x¢) = x4, Et(2%) is ¢(z¢) = . Define
f@e,t) = By [¢(xr)]
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Since it’s a conditional expectation, E; [Eiya(+)] = Ei(+), so

E(dfi) =

Applying Ito’s lemma to f,

2
af = a{dtJrafd +;§fd 2
Ey(df) _of  Of LPf ,

T TR R ORI L)

Thus, the conditional expectation solves the “backward equation”

=0

Of(zt)  Of(xt) 12f(zt) 5. .\ _
o T o MEbt T o @) =0
starting from the boundary condition
f(@,T) = ¢(x)

(a) This is a partial differential equation (ugh). The usual way to solve it is to guess and
check — you guess a functional form with some free parameters, and then you see what
the free parameters have to be to make it work. It is also the kind of equation you can
easily solve numerically. Use the spatial derivatives at time ¢ to find the time derivative,
and hence find the function at time ¢t — A. Loop. That may be easier numerically than
solving for E;¢(xr) by Monte-Carlo simulation of xzp forward. Or, the Monte-Carlo
simulation may turn out to be an easy way to solve partial differential equations.

3. Finding densities. You can also find the density by an Ito’s lemma differential equation
rather than solving the whole thing as we did above. This is called the “Forward equation.”

(a) The density at ¢ + A must be the density at ¢ times the transition density to go from ¢
to t + A.

f (@48 l70) = / F(rlao) f (21 a )y

= /f(xt|xo)N [(mHA ;(Z);%(%)A) dxy

...Ito’s lemma and lots of algebra, and allowing explicit f(z,t), ...

of (z,t|xo) 49 () f (2, tlwo)] _ 10% [0*()f (=, t]wo)]
ot Ox 2 Ox?

Note the y and o2 are inside the derivative. This is because its u(z;)A not p(zia)A.

(b) This fact gives a nice formula for the stationary (unconditional) density. The formula is:

7 *;<(SS> ds

o?(x)

flz) =k
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where k is a constant, so we integrate to one. Evaluating k,

x5 _p(s)
6f 2 22(5) ds

s@=|f 2 ® @

This is often pretty easy to use.

i. Derivation: The unconditional density satisfies 0f /0t = 0 so from the forward equa-

tion,
dp(x)f(z)] _ 1d*[0*(z)f ()]
dz 2 dz?
1d [02(:B)f(x)]
u(w) (o) = 5 )
x o%(z)f(z
2:2((1:)) [0?(x) f(z)] = | (dif( )
2 £45) g

=k :
fla) = ks
Normalizing so [ f(z)dz =1,
x S -1 x s
J 2:2((?)ds ef 2:2((2)d5

o=\ g
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2.6

1.

Problems
Suppose y; = x? and dxy = pdt + odz;.

(a) Find dy;. Express your answer in standard form dy; = p(yy, t)dt + o(y, t, )dz

(b) x; varies over the whole real line, yet y; must remain positive. What force keeps y from
going negative? Hint: look at the drift and diffusion terms as y approaches zero.

. Suppose dy; = pdt + odz;. What is d(y?)? What is (dy;)?

. We'll think about the lognormal diffusion

d
P _ pdt + odz;

b

as a model for stocks. Use p = 0.06 and o = 0.18 (i.e. 6% and 18%)

(a) What are the mean and standard deviation of horizon A log returns,

Elog (pt+a/pt)]; o [log (pera/pt)]?

Give the answer in a formula.

(b) Find the mean and standard deviation of monthly A = 1/12 log returns using the given
numbers. Express your answer in percent (5, not 0.05).
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